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Dehn [7] showed that mapping class groups of closed orientable surfaces are gener-
ated by Dehn twists illustrated in the left hand of Figure 1 (precisely saying, a twist
illustrated is called a right handed Dehn twist), Lickorish [15] reduced the number
of generators and Humphries [13] showed that Dehn twists about the circles shown
in the right hand side of Figure 1 generate the mapping class group $\mathcal{M}_{3}$ of $\Sigma_{3}$ , a
closed oriented surface of genus 3. By the symbol $k$ , we also mean the right handed
Dehn twist about the curve indicated by $k$ . Let $\phi$ be an element of $\mathcal{M}_{3}$ defined by:
$\phi=6\cdot 5\cdot 4\cdot 3\cdot 2\cdot 8$, where $i\cdot j$ means apply $i$ first then apply $j$ . By using “Teruaki for
Mathematica“ $(T4M)$ , implemented by K. Ahara (Meiji Univ.) and T. Sakasai (Univ.
of Tokyo), we can check the action of $\phi$ on the simple closed curves shown in Figure 1
and see that $\phi^{12}$ brings these simple closed curves back to their original position (off
course, up to isotopy). This means that $\phi^{12}$ commutes with the Dehn twists about
these simple closed curves, so, by the above mentioned result of Humphries, $\phi^{12}$ com-
mutes with any elements of $\mathcal{M}_{3}$ . Powell [18] showed that, if $g\geq 3,$ $\mathcal{M}_{g}$ is centerless,
i.e. the element of $\mathcal{M}_{g}$ which commutes with any elements of $\mathcal{M}_{g}$ should be $id_{\Sigma_{g}}$ .
Therefore, $\phi^{12}=id_{\Sigma_{\theta}}$ . In this note, we will introduce a method to find a word of
Dehn twists, which represent periodic map.
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For the detail of fact shown in this note, please see a preprint [12], which is available
from http: $//www$ . ms. saga-u. ac. $jp/\sim_{hirose}/work$ . html. Ftom the next section,
we write this note in Japanese. If you cannot read Japanese, please learn Japanese or
check this preprint.
This research was partially supported by Grant-in-Aid for Encouragement of Young
Scientists (No. 16740038), Ministry of Education, Science, Sports and Culture, Japan.
2. NIELSEN
, $\Sigma_{g}$ $g$ . , $\Sigma_{g}$
. $\Sigma_{g}$ $f$ (periodic)
, 1 $n$ $f^{n}=id_{\Sigma_{9}}$ ,
$n$ , $f$ (period) .
, $n$ $\Sigma_{g}$ $f$ . $\Sigma_{g}$
, $f$ $n$ ,
. , $\Sigma_{g}$ $P$
, $0<k<n$ $k$ $f^{k}(p)=p$ , $P$
$f$ multiple point . , $M_{f}$ $f$ multiple point
.
$\Sigma_{g}$ , $f$ $\Sigma_{g}/f$
, $f$ (orbit space) . , $\Sigma_{g}$ $P$ , $\Sigma_{g}/f$
$P$ $\pi_{f}$ , $n$
. , $\Sigma_{g}/f$ $\pi_{f}$ $n$ ,
[$f$ multiple point ] $\in\Sigma_{g}/f$ . , [$f$ multiple point]
$f$ branch point , $B_{f}(=\pi_{f}(M_{f}))$ $f$ branch point
. , $\pi_{f}|_{\Sigma_{g}\backslash M_{f}}$ : $\Sigma_{g}\backslash M_{f}arrow(\Sigma_{g}/f)\backslash B_{f}$ $n$
.
$n$ $\Omega_{f}$ : $\pi_{1}((\Sigma_{g}/f)\backslash B_{f}, x)arrow \mathbb{Z}_{n}$ ( , $x$
$(\Sigma_{g}/f)\backslash B_{f}$ ) . , $\pi_{f}(\tilde{x})=x$ $\Sigma_{g}$
. $\pi_{1}((\Sigma_{g}/f)\backslash B_{f}, x)$ $x$ $(\Sigma_{g}/f)\backslash B_{f}$ looP
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$l$ : $[0,1]arrow(\Sigma_{g}/f)\backslash B_{f}$ $l(O)=l(1)=x$ . loop $l$
$\Sigma_{g}$ lift $l\sim$ : $[0,1]arrow\Sigma_{g}$ $l(0)=\tilde{x}\sim$ , $\pi_{f}(l(1))=l(1)=x\sim$ ,
$l(1)\sim$ $l(0)=\tilde{x}\sim$ $f$ , $k$ $f^{k}(\tilde{x})=l(1)\sim$
. , $\Omega_{f}([l])=k\in \mathbb{Z}_{n}$ . , $\mathbb{Z}_{n}$
$\pi_{1}((\Sigma_{9}/f)\backslash B_{f}, x)$ $H_{1}((\Sigma_{g}/f)\backslash B_{f})$ $\mathbb{Z}_{n}$ ^ $\omega_{f}$ $\Omega_{f}$
.
2 $\Sigma_{g}$ $f,$ $f’$ , $g$ $f^{j}=g\circ f\circ g^{-1}$
( , $f$ $f’$
), $f$ $f’$ (conjugate) . ( , Nielsen
topologically equavalent .)
$f$ branch point $B_{f}=\{Q_{1}, Q_{2}, \cdots Q_{b}\}$ , $Q_{i}$
( branch point )
$S_{Q_{1}}$ .
Theorem 2.1. [17] $\Sigma_{g}$ 2 $f,$ $f’$
3 .
(1) $f$ $=f’$ ,
(2) $B_{f}$ $=B_{f’}$ ,
(3) $B_{f’}=\{Q_{1}’, Q_{2}’, \cdots Q_{b}^{j}\}$ , $i$ $w_{f}(S_{Q}:)=$
$\omega_{f’}(S_{Q’}.)$ .
, $\theta_{i}=\omega_{f}(S_{Q}:)$ , $[g, n;\theta_{1}, \cdots\theta_{b}]$ $f$
. , , , total valency
$(n, \theta_{1}/n+\cdots+\theta_{b}/n)$ ( , ,
, ).
, [5] . ,
total valency .
Introduction , , $(12, 1/12+2/3+1/4)$
$\Sigma_{3}$ . , Dehn twist
.
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3. INTRODUCTION DEHN TwIST 1
, . , $f$ $\Sigma_{g}$ $n$
, $f$ branch point $b$ . $D^{2}$ $\mathbb{C}$
. $\Sigma_{g}\cross D^{2}$ $(x, t)arrow(f(x), \exp(2\pi i/n)\cdot t)$ $\Sigma_{g}\cross D^{2}$
$\mathbb{Z}_{n}$ , $(\Sigma_{g}\cross D^{2})/\mathbb{Z}_{n}$ [$f$ branch point, $0$]
$b$ . , Hirzebruch-Jung
resolution, .
, $Q$ $f$ branch point valency $\theta/n$ .
, 1 2 $L_{-1},$ $L_{0}$ , $L_{-1}$ $n$ $L_{0}$ $\theta$
. , $k_{0}=\theta$ .
$k_{0}$ $n$ , , . ,
$k_{0}$ $n$ , $L_{0}$ 1 $L_{-1}$ 1 $L_{1}$
, $n+k_{1}$ $k_{0}$ $k_{1}$
. , , . , $L_{i}$
, $k_{i}$ $k_{t-1}$ , ,
( ). , $k_{i}$ $k_{i-1}$ , , $L_{i}$ 1
1 $L_{t+1}$ , $k_{i-1}+k_{i+1}$ $k_{i}$
$k_{i+1}$ . , ,
multiplicity .
, 4 .
$L_{-1}$ , 2 $B$ $D^{2}$ ( )
, $L_{k_{*}}$. , 2 $D^{2}$ . 2
$S_{i}$ $D^{2}$ Euler , $S_{i}$ $s_{i}\cdot s_{:}$ ,
$S_{i}$ . $S_{i}=^{L_{i}\text{ _{}i}multiplicity\text{ }}-\ovalbox{\tt\small REJECT}$
. , 2 , $D^{2}$
plumbing , 4 , $(\Sigma_{g}\cross D^{2})/\mathbb{Z}_{n}$
$[Q, 0]$ . , $[Q, 0]$ ,
4 , 1 .
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, $\Sigma_{3}$ $f=(12,$ 1/12+2/3+1/4$)$
, $(\Sigma_{3}/f)\cross 0\subset(\Sigma_{3}\cross D^{2})/\mathbb{Z}_{12}$ Figure 2
. , multiplicty
12 $\Sigma_{3}/f$ , $f$ branch point .
, Figure 2 , blow-down ,
$-1$ 2 ( , 2
null-homotopic Dehn twist ,
?). , , $(0,0)$
$x^{4}=y^{3}$ .
, $x^{4}=y^{3}$ , ,
: $\Psi$ : $\mathbb{C}^{2}arrow \mathbb{C}$ $\Psi(x, y)=x^{4}-y^{3}$ , $\Psi^{-1}(0)$
. , $\epsilon$ , $S_{\epsilon}^{3}=$ { $(x,$ $y)\in \mathbb{C}^{2}|$ $2+|y|^{2}=\epsilon^{2}$ },
, $L_{\epsilon}=S_{\epsilon}^{3}\cap\Psi^{-1}(0)$ ( , ).
$\psi$ : $S_{\epsilon}^{3}-L_{\epsilon}arrow S^{1}$ $\psi(x, y).=\frac{\Psi(x,y)}{|\Psi(x,y)|}$ , , $L_{\epsilon}$ Seifert
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$S^{1}$ . fibration $\psi$ : $S_{\epsilon}^{3}-L_{\epsilon}arrow S^{1}$
$x^{4}-y^{3}=0$ Milnor-fibration [16] . , $x^{4}-y^{3}=0$
, fibration . ,
,
, $f$ isotopic
. , Dehn twist , $f$
.
, $x^{4}-y^{3}=0$ $(4, 3)$-torus knot
, , Milnor [16] , well-known
, $f$
, A’Campo divide [2, 3, 4]
. , ,
, , real morsification
(Gusein-Zade [1] ).
, $x^{4}-y^{3}=0$ pertub . , (
), ( ), ( )
[10] . , , Figure 3
. , $x$ ( 4) ,
$\grave{\grave{1}}y$ ( 3) , 1
. ,
, 90 , , 90
... .
perturb $x^{4}-y^{3}=0$ .
, proper , dinide
.
$D$ proper generic ( 2
) 1 $P$ divide . Divide $P$
, $L(P)$ :




$P$ Figure 3 divide , $L(P)$ $x^{4}-y^{3}=0$
$L_{\epsilon}$ isotopic . , Figure 3
, $P$
. , divide ordered Morse divide
. Ordered Morse divide , O. Couture, B. Perron [6] , ,
, [10] , $L(P)$
. , divide Figure 4 ,
FIGURE 4
. , Figure , ,
, divide , ,
, , , -
. $F(P)$ $L(P)$ , $F(P)$
$L(P)$ . , , $F(P)$ Figure 4
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. 1 3 ,
Figure 1
, .
3 $S^{3}$ $R$ 2 $S^{3}$ $R_{1},$ $R_{2}$ ,
;
(1) $R=R_{1} \bigcup_{\Delta}R_{2}$ , , 2 $\Delta$ $\partial\Delta=\mu_{1}\cup\nu_{1}\cup\cdots\cup\mu_{n}$ $\nu_{n}$
, $\mu\iota$ (resp. $v_{i}$ ) $R_{1}$ (resp. $R_{2}$ ) proper arc .
(2) $S^{3}$ 3 $B_{1},$ $B_{2}$ :
$\bullet$ $B_{1}\cup B_{2}=S^{3},$ $B_{1}\cap B_{2}=\partial B_{1}=\partial B_{2}=S^{2}$ ,
$\bullet$ $R_{1}\subset B_{1},$ $R_{2}\subset B_{2}$ , $R_{1}\cap\partial B_{1}=R_{2}\cap\partial B_{2}=\Delta$.
Gabai $[8, 9]$ , $(S^{3}, \partial R)$ fiber $\phi_{i}$ monodromy fibered link
, $R_{1}$ $R_{2}$ $R$ $(S^{3}, \partial R)$ $R$ fiber $\phi_{1}\cdot\phi_{2}$
monodromy fibered link . Figure 5 $S^{3}$
FIGURE 5
annulus $(positive)Hopf$ band , (positive) Hopf link
. (Psitive) Hopf link (positive) Hopf band fibered link
, monodromy core right handed Dehn twist
. Figure 4 , $B_{i}$ $i$ core Hopf band , $F(P)$ $B_{i}$
, Gabai $L(P)$ monodromy 6 $\cdot 5\cdot 4\cdot 3\cdot 2\cdot 8$
, $f=(12,1/12+2/3+1/4)$ right handed Dehn twist
.
[12] , 4 Dehn twist
. , .
, Hirzebruch-Jung resolution blow-down
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, ,
. , Dehn twist
( , )
.
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